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Large angle cosmic microwave background fluctuations from cosmic strings
with a cosmological constant
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In this paper, we present results for large-angle cosmic microwave background anisotropies generated from
high resolution simulations of cosmic string networks in a range of flat Friedmann-Robertson-Walker universes
with a cosmological constant. Using an ensemble of all-sky maps, we compare with the Cosmic Background
Explorer data to infer a normalization~or upper bound! on the string linear energy densitym. For a flat
matter-dominated model (VM51) we find Gm/c2'0.731026, which is lower than previous constraints
probably because of the more accurate inclusion of string small-scale structure. For a cosmological constant
within an observationally acceptable range, we find a relatively weak dependence withGm/c2 less than 10%
higher.
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I. INTRODUCTION

Given the growing evidence for a cosmological const
or dark energy component in the Universe, it is importan
determine whether or not this significantly impacts the e
lution of cosmic strings and their observational signatur
The strongest constraint limiting the energy scale of cos
strings is currently the Cosmic Background Explor
~COBE! normalization of large-angle cosmic microwav
background~CMB! anisotropy. In this paper, we will infe
this normalization from maps computed using the meth
presented in@1# and determine how this is influenced b
late-time domination by a cosmological constant.

II. METHOD

A. Geometry of simulations

To compute all-sky maps, the ‘‘observers’’ are located
side the simulation box. Following@2#, we place eight such
observers at each corner of a cube of sideL/2 whereL is the
size of the box itself. We use the fact that the string n
works, and hence the cosmological perturbations they
duce, have periodic boundary conditions to identify oppos
sides of the box. The eight realizations of the sky are
completely independent, but the correlations are not ap
ent. This scheme reduces the effect of the cosmic varianc
large angular scales and thus renders the computation o
normalization more accurate.

B. Pixelization

To facilitate the computation of maps and the extract
of the power spectrum, we use an iso-latitude pixelizati
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which enables us to Fourier transform each ring of cons
u to evaluate the integral over the azimuthal angle. Mo
specifically, we use the equal area with 3:6:3 base pix
proposed by@3#. In this scheme, each base pixel is sub
vided into n2522p pixels. The area of a pixel is given b
Apixel54p/Npixel5p/3n2. But, by integrating the spherica
surface element over a pixel, we haveApixel
5(2p/Np)D cosu. Hence, the width of a row of pixels is
given by

D cosu5
Np

6n2
, ~1!

whereNp is the number of pixels per row of constantu. In
the polar caps,Np53, then 932i 22 repeated 2i 22 times
with 2< i<p12. The equatorial regions are made up ofn
rows of 6n pixels.

C. Angular power spectrum computations

The pixelized map is the convolution of the real tempe
ture map with the pixel window function. To compute th
power spectrum, we need to know the spherical transform
the window function. In real space, the pixel window fun
tion is simply given by

Wpq~f,u!5H 1

Apixel
inside the pixel,

0 outside,

~2!

wherep andq label the rows and the pixels on that row:

Tpq5E
S2

T~f,u!Wpq~f,u!dV5 (
m52,max

,max

bmeı̇mq2p/Np,

~3!

where
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FIG. 1. All-sky string-induced maps for a flat FRW Universe withVL50 and 0.7.
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a,mw~pm/Np!l̄,
m , ~4!

with

w~c!5eı̇c
sinc

c

l,
m̄5

1

cosup2cosup11
E

cosup

cosup11
l,

m~cosu!d~cosu!. ~5!

From the last line in Eq.~3!, the bm can be obtained by the
inverse sum:

bm5(
q

Tpqe
2 ı̇mq2p/Np, ~6!

which can be done using a fast Fourier transform. Sum~4!
can also be inverted to obtain thea,m’s:
02300
a,m5

(
p51

bmw* ~pm/Np!l,
m̄

(
p51

nrows

w* ~pm/Np!w~pm/Np!Np

. ~7!

To obtain this last equation, we took the approximation t

the pixelized spherical harmonicsw(pm/Np)l,
m̄ are or-

thogonal, which is valid at low,.

D. COBE normalization

To infer the cosmic string linear energy density, we u
the COBE angular correlation function because, on the sc
of interest, it is as good as that of the Wilkinson Microwa
Anisotropy Probe@4#. This also enables direct compariso
with previous work.

To normalize to COBE, we follow@5# and compute the
angular correlation function using

C~u,us!5
1

4p (
,

~2,11!uW,u2uB,u2C,P,~cosu!, ~8!
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FIG. 2. Individual power spectra for theVL50 run ~dotted! with the average~solid!.
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where we use the following smoothing function:

W,~u!5expS 2
,~,11!

log 2
sin2~u/4! D , ~9!

whereu is the smoothing scale. We also use the COBE be
profile B, given in @6#. We then compare the result with th
value obtained by the 4 year COBE maps@7#, C(0°,10°)
5(2961 mK/T)2 to infer the value ofGm/c2. In the previ-
ous equation,T is the mean temperature of the CMB al
obtained from COBE@8# T52.72660.002 K.

III. RESULTS

A. Cosmic string simulations

We created a time series of cosmic string realizations
ing the Allen-Shellard network simulation@9# in a variety of
flat Friedmann-Robertson-Walker~FRW! universes with
Vm1VL51, whereVm includes the contribution of dark
matter and baryons. These string networks were then use
sources for the CMB map-making pipeline. For all the sim
lations, we choseh50.72 andVbh250.02.

Two string simulations forVL50 and VL50.7 were
computed with very high resolution with over 33106 points
~16 points per correlation length! and spanning a dynami
range of 5 in conformal time, probing the Universe back
z525 andz530, respectively. All string loops were retaine
in the simulation to ensure overall network energ
02300
m

s-

as
-

-

momentum conservation, which was preserved at the leve
1%. Point joining was used only to ensure a consistent ph
cal resolution, i.e. removing very short segments form
through reconnection. The simulations therefore retain
their full small-scale structure. These were the costliest p
of the pipeline and took many days to perform on the CO
MOS supercomputer ('2000 h of CPU time!. This im-
proves upon previous work with string networks in an e
panding Universe, which was performed with fewer poin
per correlation length, fixed horizon resolution and a sepa
treatment of loops@5,10#.

In addition, we performed a series of smaller simulatio
(106 points! for different values of the cosmological con
stants, specifically,VL50, 0.2, 0.4, 0.55, 0.7, 0.85. Thes
simulations had identical initial conditions, so compariso
could minimize the effects of cosmic variance.

The map-making pipeline was tested at resolutions
1283 and 2563. The huge data storage requirements w
string networks, scalar-vector-tensor-~SVT-! decomposed
energy-momentum tensor grids, Boltzmann code output p
checkpointing files meant disk space approaching 1 Tb
was required for 2563. Further parallelization issues rema
to be resolved for large memory runs.

In Fig. 1, we present realizations for theVL50 and 0.7
runs. The angular power spectra for each of these runs
presented in Fig. 3. We also show four spectra obtained f
theVL50 run with their average in Fig. 2. All these spect
are normalized to COBE.
3-3
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FIG. 3. Average power spectra for each run.
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B. Normalization to COBE

The power spectra illustrated in Figs. 2 and 3 show
roughly scale invariant plateau for,&20 with a gradual fall-
off to an insignificant signal beyond,*50. This falloff is a
consequence of the limited dynamic range of the string sim
lations and not of the resolution at which the Boltzma
evolution was performed~though there is some influenc
from the interpolation and smoothing of the string netwo
onto the grids.

Previous CMB work with string networks over a muc
larger dynamic range has demonstrated that the m
anisotropies relevant to COBE are generated at redshifz
&20 @5#, which is within the range of the present work. Th
reason for this can be seen from studies of the unequal-
correlators@11,12#, which peak on scales well below the h
rizon (lmax,dH/3). We are confident therefore that o
simulations include the primary contributions on COB
scales.

This scale invariance on large angular scales is consis
with the COBE data and allows us to normalize our resu
accordingly, as discussed above, providing a constrain
02300
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e
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the energy density of strings. Our normalization for the fl
cold dark matter~CDM! model,

Gm

c2
5~0.760.2!31026, ~10!

has an error reflecting the variance of our results, not s
tematic effects which may be comparable. This result
lower but consistent with the previous result@5#:

Gm

c2
5~1.0520.2

10.35!31026. ~11!

Our result is significantly lower than that obtained in@10#,
Gm/c251.731026 from a single simulation. This work
however focused on small angle anisotropies and did
study sample variance at large angles. Other flat space
proximations and semi-analytic estimates for local string n
works generally have found a higher normalization th
ours, e.g. Gm/c25(1.560.5)31026 @13#, Gm/c25(1.7
60.7)31026 @14# andGm/c252 @15#.
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FIG. 4. Average rms long
string velocity for the last half of
the string network simulations fo
VL50 ~solid!, VL50.4 ~dotted!,
VL50.7 ~dot-dashed! and VL

50.85 ~dashed!. Even the ex-
tremal L model shows only a
relatively small 11% decline in the
average string velocity by the
present day.~Relative conformal
time is plotted withh050.5.!
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However, there is a key reason why the present work
significant advance over these previous analyses. Apart f
now including all the relevant physics, this analysis uses
highest resolution string simulations to date. The init
points per correlation length have been chosen at le
known to preserve small scale structure accurately@16# and
02300
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the simulations are evolved at fixed physical resolution.
though the simulations used in@5# spanned a larger dynami
range,z,100 ~compared to ourz,25), it did so by main-
taining fixed horizon resolution through point joining an
smoothing. Subsequent work has shown that at least com
ing resolution is required if we are to hope for a satisfacto
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
7

7.5

8
x 10

7

ΩΛ

G
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FIG. 5. String linear energy
density obtained from the COBE
normalization. The solid line is
curve ~12!.
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treatment of string wiggliness. This implies that the previo
work did not adequately account for the renormalized str
energy per unit length, which in the matter era ism̃.1.4m.
Such a factor would tend to increase the string anisotro
thus lowering the COBE normalization ofGm/c2 ~though in
a non-trivial manner!.

C. Effect of the cosmological constant

The influence ofVL on the COBE normalization, illus
trated in Fig. 5 is relatively small: for the popular value
VL50.7 we obtainedGm/c25(0.7460.20)31026, only
6% higher than for the flat CDM model.

The reason for the reduced anisotropy inL models is
fairly clear. As the Universe becomes vacuum dominated
late times, the expansion rate increases, affecting the Hu
damping termȧ/a in the string equations of motion, thu
lowering their average velocity as can be seen from Fig
As string velocities are the primary cause of CMB anisot
pies, there will be a net reduction inDT/T.

The smallness of this effect is somewhat surprising, bu
explained by the late redshift of vacuum domination. In t
VL50.7, this occurs atzL.0.33, which, in the context o
our simulations, implies thatL has a significant effect on
only the later stages of the simulation. Comparing theVL

50.85 model with the flat CDM model in Fig. 3, there a
pears to be a slight relative falloff in the average power
wards,52, which is consistent with this picture. Howeve
this effect is likely to be swamped by cosmic variance.

We have found that our data points are well fitted by

Gm

c2
5S 0.6951

0.012

12VL
D31026. ~12!

This analytic fit is motivated by the asymptotic limit i
which string velocities should vanish as the network is f
zen and conformally stretched in an extremeL model: VL

→1 andVm→0. Our results are summarized in Table I a
plotted in Fig. 5 along with fit~12!.

IV. SUMMARY

In this paper, we presented large angle maps of C
fluctuations seeded by networks of cosmic strings in
FRW universes with a cosmological constant. From
S
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COBE data, we have obtained a constraint on the string
ear energy densityGm/c2&0.731026 which is lower than
previous work because string small-scale structure is inc
porated more accurately in the network simulations. We w
able to find the dependence of the string densitym as a
function of the cosmological constant, obtaining a good
with a simple semi-analytic formula. Given the uncertaint
in the overall normalization, these results should provide
adequate means by which to characterize the effects ofVL

on cosmic string models.
Although current CMB data have shown that cosm

strings cannot be the dominating source of CMB anisotrop
~e.g., Ref.@17#!, they can nonetheless be present albeit a
lower energy scale. For example, they are copiously p
duced at the end of brane inflation@18,19#. With this in mind,
our normalization appears low when compared with
value inferred from the possible detection of a gravitatio
lensing event by a cosmic string:Gm/c2'0.431026 @20#.
This linear mass density would be somewhat higher th
allowed in the standard cosmic string scenario considere
this paper.
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TABLE I. String linear energy density obtained from the COB
normalization.

VL Gm/c231026

0.00 0.703860.1947
0.20 0.717060.1926
0.40 0.713360.1989
0.55 0.718960.1902
0.70 0.738960.1990
0.85 0.776660.1879
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